Abstract. The purpose of this article is two-fold: We first give a more elementary proof of a recent theorem of Korkmaz, Monden, and the author, which states that the commutator length of the n-th power of a Dehn twist along a boundary parallel curve on a surface with boundary Σ of genus g ≥ 2 is ⌊ |n|+3) 2 ⌋ in the mapping class group Map(Σ). The alternative proof we provide goes through push maps and Morita's use of Milnor-Wood inequalities, in particular it does not appeal to gauge theory. In turn, we produce infinite families of pairwise non-homotopic 4-manifolds admitting genus g surface bundles over genus h surfaces with distinguished sections which are flat but admit no flat connections for which the sections are flat, for every fixed pairs of integers g, h ≥ 2. The latter result generalizes a theorem of Bestvina, Church, and Souto, and allows us to obtain a simple proof of Morita's non-lifting theorem (for an infinite family of non-conjugate subgroups) in the case of marked surfaces.
Introduction
The study of commutator lengths in various structure groups for fiber bundles has a long history in topology, where Milnor's 1958 paper on flat disk bundles [12] and Wood's follow-up 1971 paper on flat circle bundles [17] played avant-garde roles. More recently, several results on (stable) commutator lengths in mapping class groups of surfaces were obtained with the help of gauge theory; see for instance [6, 9, 10] . In [2] , Korkmaz, Monden, and the author proved the following theorem in the same vein: Let δ be a boundary parallel simple-closed curve on an orientable surface Σ of genus g ≥ 2 with boundary, and let t δ denote the positive Dehn twist along δ in the mapping class group Map(Σ). Then the commutator length of t n δ is ⌊ ]. This led the first precise calculation of a non-zero stable commutator length of an element in a mapping class group of a surface of genus g ≥ 2. (See Theorem 5 below.) The authors' proof of this theorem relied on celebrated results on Seiberg-Witten invariants of symplectic 4-manifolds, and mapping class group factorizations featuring a generalized lantern relation. We will give a more elementary proof of this theorem by reviewing an argument of Morita in [13] using euler classes of fiber bundles and Milnor-Wood inequalities on one hand, and by employing push maps on the other; see Section 2. A curious open question on surface bundles asks whether or not there exists a closed surface bundle over a closed surface which does not admit a flat connection. An 'approximate' answer to this problem was given by Bestvina, Church, and Souto, who proved that the Atiyah-Kodaira surface bundles do not admit flat connections for which some distinguished sections are flat [3] . The Atiyah-Kodaira examples are holomorphic bundles on complex surfaces of general type, whose construction for given fiber and base genera (g, h) (with the desired sections of high self-intersection numbers) is a rather challenging task. Moreover, Parshin's proof of the Geometric Shafarevich Conjecture implies that there can be at most finitely many of such examples for fixed (g, h). However, the holomorphicity of these bundles is irrelevant to the above question -as we will see that it can be dropped so as to obtain a much more general result, which is the main theorem of this article: Theorem 1. For every fixed pair of integers g, h ≥ 2 such that h ≥ 4 for g = 2, there is an infinite family of pairwise non-homotopic 4-manifolds, each of which admits a genus g surface bundle over a genus h surface with a distinguished section, such that the bundle admits a flat connection but does not admit any for which the section is parallel.
As suggested by the abundance of the bundles we build versus the finiteness result of Parshin's, we will note that the total spaces of these bundles do not admit complex structures with either orientations (although all can be made symplectic), which in this sense complements the examples of [3] .
In [13] , Morita showed that the exact sequence
is not right-split for Σ an orientable genus g ≥ 2 surface with k ≥ 1 marked points. Here Diff + 0 (Σ) denotes the normal subgroup of Diff + (Σ) which consists of elements that are isotopic to identity via isotopies fixing the marked points. We give a new proof of this theorem, which follows from:
where Σ is a genus g surface with r ≥ 1 marked points, whose images do not lift to Diff + (Σ). There are infinitely many conjugacy classes of such mappings for each g, h ≥ 2, provided h ≥ 4 if g = 2.
The strategy for deriving the above corollary from Theorem 1 is similar to that of [3] , except that our topological constructions drastically simplify the generalization of the r = 1 case to any r > 1.
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Sections of flat bundles and commutator lengths
Let Σ s g,r denote a compact oriented surface of genus g with s boundary components and r marked points in the interior. We denote by Diff + (Σ) the group of orientation preserving self-diffeomorphisms of Σ = Σ Let f : X → B be a (locally trivial) oriented bundle over a compact oriented surface B with a regular fiber F ∼ = Σ s g of genus g ≥ 1. Note that when s > 0, the restriction of f to ∂X is a circle bundle over B. Let σ : B → Int(X) be a section of f : X → B, then the 2-dimensional submanifold S = σ(B) of X intersects each fiber positively at one point. Conversely, whenever we have such a submanifold S ⊂ Int(X) intersecting each fiber at one point, we can define a section σ with image S. So by a slight abuse of language, we will also call S a section of f .
A theorem of Earle and Eells, and its extension to compact surfaces with boundary by Earle and Schatz, show that Diff
) is contractible for g ≥ 2. It follows that the bundles f : X → B with regular fiber F ∼ = Σ g and with distinguished sections S f are classified (up to bundle isomorphisms) by the monodromy representations µ f : π 1 (B) → Map(Σ g,1 ) (up to conjugacy), and such a bundle admits a flat connection for which S is parallel if and only if the corresponding representation can be lifted to a map π 1 (B) → Diff + 0 (Σ g,1 ). The analogous statements hold when we drop the assumption on the sections and the marked point above.
Upper bounds on the self-intersection numbers of sections.
A sharp upper bound on the self-intersection number of a section of a surface bundle over a surface was originally obtained by Morita in [14] , and was later obtained using gauge theory in [2] and [4] , respectively. This bound constitutes one side of the inequality leading to the calculation of the precise commutator length of the boundary parallel Dehn twist in Map(Σ 1 g ) [2] . For completeness, we provide a detailed account of the arguments yielding to the proof of this fact, which follow the same approach as in [14] .
For g ≥ 2, a classical construction due to Nielsen shows that the self-diffeomorphisms of Σ g fixing a marked point p ∈ Σ g can be lifted to π 1 (Σ g )-equivariant quasi-isomorphisms of the hyperbolic space H 2 , which in turn can be extended to obtain a well-defined homeomorphism on the boundary ∂ H 2 ∼ = S 1 . Using the fact that Σ g is a K(π 1 (Σ g ), 1), it is then easy to see that we get a monomorphism (e.g.
It then follows from the classical result of Wood's [17] that the euler number of this circle bundle on S in absolute value is bounded above by 2h − 2 for h ≥ 1.
If f : X → Σ h admits a flat connection for which S is parallel, then we get the following lift:
of the monodromy map µ f . In this case we obtain a refinement of the above observation: We have an induced flat structure on the normal bundle ν S of S, which is given by composingμ f with the derivative map at the fixed point p:
As shown by Milnor in [12] , in this case, the euler number of the normal disk bundle on S (and thus that of the circle bundle) in absolute value is bounded above by h − 1 instead, for h ≥ 1.
Since the circle bundles we get on S are boundaries of normal (fibered) disk bundles on it (e.g. [3, Proof of Theorem 1.2]), we conclude that the euler number of these bundles is nothing but the self-intersection number [S] 2 . We will revisit this claim in the next subsection; for now we can summarize the above discussion as Proposition 3. If S is a section of a genus g surface bundle f :
If f admits a flat connection for which S is parallel, then this bound improves to
Remark 4. In [2] it was moreover shown that a similar upper bound holds for Lefschetz fibrations if we remove the absolute value; a proof of which, for sections that miss the critical locus, can be obtained using the above approach and following the framework of [16] for example.) The proof in [2] as well as the one in [4] uses gauge theory, appealing to Seiberg-Witten invariants on minimal symplectic 4-manifolds and the adjunction inequality for Seiberg-Witten basic classes. As seen from the above discussion however, the use of gauge theory is rather superfluous.
Surface bundles and the euler class via mapping class groups.
Once again, assume that g ≥ 2, and recall the Nielsen construction we sketched above. Define Map(Σ g , 1) as the pull-back of Map(Σ g,1 ) to Homeo
, the subgroup of Homeo + (R) consisting of homeomorphisms commuting with translation by 1. Then the central extension
gives rise to the central extension
The cocycle e ∈ H 2 (Map(Σ g,1 ; Z)) associated to this central extension is called the euler class for Map(Σ g,1 ), which is by construction the pullback of the euler class e S 1 of Homeo + (S 1 ) under the inclusion-induced homomorphism
On the other hand, we have the following central extension obtained from the boundary capping homomorphism
where the kernel Z is generated by Dehn twists along a boundary parallel curve δ on Σ 1 g . It is well-known that the euler class of Map(Σ g,1 ) associated from this last central extension agrees with the former (see for instance [8, Section 5.5.6]). As we will see shortly, the evaluation of the euler class e on a 2-class in H 2 (Map Σ g,1 ; Z) ∼ = Z will give an integer, which is precisely the power n of the boundary parallel Dehn twist t δ .
The monodromy of a surface bundle f : X → B with regular fiber F ∼ = Σ g and base B ∼ = Σ h , is given by a factorization of the identity element 1 ∈ Map(Σ g ) as
where α i and β i are images of standard basis elements a i , b i of π 1 (B) under the monodromy map µ f : π 1 (B) → Map(Σ g ). The choice of a base point amounts to determining this factorization only up to global conjugation. Now, a section of σ : B → X gives rise to a lift of the relation (1) to a relation of the same form in Map(Σ g,1 ) . Moreover, if we remove a fibered tubular neighborhood N of the section S = σ(B) from X, we obtain a surface bundle f | X\N : X \ N → B with regular fibers homeomorphic to Σ 1 g , which prescribes a further lift of this relation in Map(Σ g,1 ) to a relation of the form:
whereα i ,β i are the lifts of α i , β i , and t δ is a positive Dehn twist along the boundary parallel curve δ in Σ 1 g . Considering the unit normal disk bundle on S obtained by the derivative map along σ, we get a fibered tubular neighborhood N of S isomorphic to νS. This normal neighborhood is clearly isomorphic to the one we get by capping off every fiber component diffeomorphic to Σ 1 g by a 2-disk, where the centers of these disks trace the section S. Choosing a framing on the 2-disk that caps off Σ 1 g amounts to choosing a marked point on its boundary, and in turn, we obtain a push-off S ′ of S on the boundary of its tubular neighborhood. We can then see that the negative of the power n of the boundary parallel Dehn twist t δ above equals to the intersection number of S ′ and S [15] , and therefore is equal to the self-intersection number [S] 2 , as claimed in the previous subsection.
Conversely, whenever we have a factorization as in (2) above, we can construct a surface bundle f : X → B, with a regular fiber F ∼ = Σ g and base B ∼ = Σ h , together with a distinguished section S of self-intersection −n. Note that all the arguments above can be generalized to surface bundles which have other boundary components as well.
Hence, by Proposition 3, we see that t n δ can be written as at most h = ⌊(n+3)/2⌋ commutators in Γ 1 g , since such an expression would correspond to a genus g surface bundle over a genus h surface with a section S of self-intersection number −n. It follows that the stable commutator length of t δ is bounded below by 1/2.
Realizing the upper bound and the commutator length calculation.
We will now show that the lower bound 1/2 for the stable commutator length of a boundary parallel Dehn twist t δ is indeed achieved by expressing t k δ as the maximum number of commutators allowed by Proposition 3.
In [2] , Korkmaz, Monden, and the author obtained the following relation in Map(D), where D is the 2-sphere with five holes, and δ, a 1 , . . . , a 4 , x 1 , . . . , x 4 are as shown in Figure 1 .
Here β γ is a shorthand notation for the conjugation γβγ −1 , for any β, γ in the same mapping class group. We will reprove this fact by using "push maps", which we will describe shortly. 1 , a 2 , a 3 , a 4 . The oriented paths α, α 1 , α 2 , α 3 , α 4 for the push maps are as shown.
There is an elementary self-diffeomorphism of D, which is obtained by dragging δ around other boundary components along an oriented embedded arc α without turning any one of the boundary circles. This is called the push map of δ along α, which we denote by Push δ (α). Let A be an annulus with one hole (i.e. a pair of pants), where the boundary of its hole is δ, and where α, along with δ, is enclosed between its other two boundary components. Using the orientation on α and D we can label the two boundary curves of A by α ′ and α ′′ as the one "to the left" of α and the one "to the right" of it, respectively. A key observation is that Push δ (α) can be expressed as Push δ (α) = t α ′ t We will use push maps to derive the following generalized lantern relation obtained in [2] : (4) t 2 δ t a1 t a2 t a3 t a4 = t x1 t x2 t x3 t x4 , which is equivalent to the daisy relation of [7] . We believe that the argument we will present using push maps is very easy to visualize and can be directly generalized to derive the analogous relation in a 2-sphere with n + 4 holes for any n ≥ 0 -with n = 0 giving the famous lantern relation.
Let α i be embedded arcs in D which enclose a i and have both of its end points on the boundary component δ, for i = 1, . . . , 4, and α be the arc that encloses all a i , as shown in Figure 1 . We orient all of them clockwise, and view them as "loops based at δ " -so the end points of the arcs on δ do not matter. From the naturality of the push map it follows that
(where the concatenation of the loops goes from left to right), which translates to
δ , since the outer boundary component of the annulus containing α is null-homotopic in D. As a i and δ are disjoint from all the other curves, t ai and t δ commute with all the other Dehn twists that appear above, allowing us to rewrite this equation to obtain the relation (4).
Taking the k-th power of both sides of (4) we have
Lastly, we take the Dehn twists along a i on the left to the right-hand side to obtain the relation (3). We can now embed D into a genus g ≥ 2 surface Σ with two boundary components δ (which is the same as the δ boundary of D) and δ 0 by identifying a 1 and a 4 as in Figure 2 . So we obtain the relation:
in Map(Σ). Here φ and ψ are orientation preserving self-diffeomorphisms of Σ relative to ∂Σ mapping x 1 , a 2 to a 1 , x 2 and x 3 , a 4 to a 3 , x 4 in the same order, respectively. For later purposes, we can moreover assume that both φ and ψ are supported on the genus 2 subdomain of Σ containing all these curves and δ (and not δ 0 ; see Figure 2 ), and such that they become isotopic to identity once the boundary component δ is capped off. Whenever there is such a self-diffeomorphism, we can insert a commutator; for example
Thus we see that t 2k δ can be expressed as the product of k + 1 commutators in Σ. Writing t 2k δ as a product of k + 1 commutators as above and using the lantern relation, one can also show that t 2k+1 δ can be expressed as a product of k + 2 commutators; the argument for which is readily available in [2] , which we will not repeat here.
Hence, having realized the upper bound given in Proposition 3, we obtained a new proof of the following theorem:
Theorem 5 (Baykur, Korkmaz and Monden [2] ). Let g ≥ 2, n ≥ 1 and let Σ be a compact connected oriented surface of genus g with boundary. Let δ be one of the boundary components of Σ. Then the n th power t n δ of the Dehn twist about δ is a product of ⌊(n + 3)/2⌋ commutators. It follows that the stable commutator length of t δ is 1/2. Remark 6. As pointed out by the anonymous referee, the stable commutator length calculation scl(t δ ) = 1/2 which came as a direct corollary of our commutator length calculation above and the fact that the vertical euler class ||e|| = 1/2 calculated in [14] is not a mere coicidence. Here is a sketch of the argument which was generously provided by the referee: the image of the monodromy homomorphism π 1 (B) → Map(Σ g ) lifts to one into Map(Σ 1 g ) with boundary on copies of t δ , and the degree with which the boundary winds around delta is precisely equal to the euler class of the closed surface group π 1 (B) in Map(Σ g ). So by interpreting the stable commutator length function scl as a scaled L 1 pseudo-norm (as in [5] ), one sees that scl(t δ ) is 1/4 times the L 1 norm of the integral class in H 2 (Map(Σ g )) -the factor of 1/4 comes from the fact that scl counts handles whereas the L 1 norm counts triangles. The L 1 norm of this integral class is 2, thus giving us scl = 1/2 = ||e||.
Surface bundles and flat connections
We begin with proving Theorem 1. From the relation 3 we already have a genus g surface bundle over a genus h surface with a section of self-intersection 2h − 2. We will see below that this bundle is flat. Our first goal is to slightly modify this bundle to obtain an infinite family of bundles with the same fiber and base genera, possessing a section of self-intersection 2h − 2. These will still be flat as surface bundles. Finally, by computing the first homology of the total spaces of these bundles, we will verify that we obtain pairwise non-homotopy equivalent bundles.
Proof of Theorem 1. Let Σ be a genus g ≥ 2 surface with two boundary components δ and δ 0 . As shown above, the relation (3) holds in Map(Σ), which prescribes a genus g surface bundle over a genus h = k + 1 surface with two sections S and S 0 of self-intersections 2h − 2 and 0, respectively.
Building upon the relation (3), we will construct two families of surface bundles with fiber genus g ≥ 3 and g = 2, respectively. Let g ≥ 3 first, and b be a non-separating curve on Σ disjoint from a i , x i , as shown in Figure 2 . For φ and ψ as before (described right after the Equation 5 above), the following relation holds in Map(Σ):
since ψ and t b commute.
Capping off the boundary components of Σ by two disjoint disks, we will obtain our first family of promised bundles. Under the natural homomorphism from Map(Σ) to Map(Σ g ), the mapping class group of the closed genus g surface, induced by capping off the boundary components of Σ by two disjoint disks, the above relation maps to the relation
in Map(Σ g ). Recall from earlier that such a factorization of identity specifies a genus g bundle over a genus h = k + 1 bundle and the very fact that they lift to relations as above hands us distinguished sections with self-intersections read off from the powers of boundary parallel Dehn twists in these relations. Thus we get a family of genus g ≥ 3 surface bundles f m : X m → Σ h with two sections S and S 0 of self-intersections 2h − 2 and 0, respectively. Now let g = 2, and b 1 be the non-separating curve on Σ which is geometrically dual to a 1 ; See Figure 2 . The following relation holds in Map(Σ):
We thus get our second family of bundles: what we have in hand is a family of genus 2 surface bundles g m : Y m → Σ h+1 , for h = k + 1, with two sections S and S 0 of self-intersections 2h − 2 and 0, respectively, which are prescribed by:
We will show that the bundles (X m , f m ) (resp. (Y m , g m ) together with distinguished sections S yield the desired families.
Let us first show that the bundles (X m , f m ) are all flat: We can lift all t ai and t b to somet ai andt b in Diff + 0 (Σ g ) which are curve twists compactly supported in tubular neighborhoods of the associated curves disjoint from each other whenever the pair of curves are disjoint. Thus the supports oft a1 ,t a2 ,t a3 are chosen to be pairwise disjoint, and the support oft b is disjoint from the first two. We then have the following lift of the monodromy factorization in Diff
Sincet a1 andt a2 have supports disjoint from that oft b , they commute with it in Diff + 0 (Σ g ). Hence we get ξ = 1 in Diff + 0 (Σ g ), showing that our bundle is flat. For (Y m , g m ) we can argue similarly and show that the factorization on the right-hand side of (9) lifts to a factorization of the identity in Diff + 0 (Σ 2 ), proving the flatness of these bundles as well.
Next, we verify that for any m ≥ 0, (X m , f m ) does not admit a flat connection for which the section S is parallel. This simply follows from Proposition 3, since the self-intersection number 2h − 2 of S obstructs this section to be parallel for any h ≥ 2. As for (Y m , g m ) along with the distinguished section S, recall that if h is the base genus of this bundle, then the self-intersection number of S is 2h − 4. So the Proposition 3 leads to the same obstruction, provided h ≥ 4 in this case.
A straightforward calculation using the monodromy factorization of (X m , f m ) shows that H 1 (X m ) = Z 2h+2g−3 ⊕ Z m . It follows that X m and X m ′ are pairwise non-homotopic for any m = m ′ . Similarly, from the monodromy factorization of (Y m , g m ) we calculate H 1 (Y m ) = Z 2h+1 ⊕ Z m , leading the same conclusion.
Remark 7. The constructions of the above bundles (X m , f m ) and (Y m , g m ) have obvious geometric interpretations. These bundles are nothing but horizontal and vertical stabilizations of the bundle one gets from the very first relation (5) above, as described in Theorem 4 of [1] . That is, they are obtained by section summing and fiber summing this initial bundle with some standard bundles.
We can in fact see that X m (resp. Y m ) do not admit complex structures with either orientation. This follows from Lemma 2 of [1] (also see [11] ), which in this case states that if X is the total space of a genus g surface bundle over a genus h surface with g, h ≥ 2, such that b 2 (X) > 0 and b 1 (X) odd, then X does not admit a complex structure with either orientation. Since each X m admits a section, we have b 2 (X m ) ≥ 2 > 0. We also see that b 1 (X m ) = 2h + 2g − 3 is odd. We conclude that X m does not admit a complex structure with either orientation. The claim is proved for Y m in an identical way. We conclude that the existence of flat bundles with sections which admit no flat connections making the sections parallel is not relevant to the bundles being holomorphic or not. Product bundles on Σ h × Σ h with diagonal sections, and in general Atiyah-Kodaira examples covered in [3] are all holomorphic, whereas the 4-manifolds X m and Y m we obtain above do not admit complex structures with either orientation. We also note that our examples span all possible g, h ≥ 2 (even when g = 2 and h = 2, 3, we have one example). Yet another qualitative difference between the bundles used in [3] and the ones we constructed above is the existence of the self-intersection zero section S 0 , which is disjoint from the section S of self-intersection 2h − 2. This difference simplifies our derivation of Corollary 2 greatly:
Proof of Corollary 2. For each g ≥ 3 and h ≥ 2, we constructed a genus g surface bundle f m : X m → Σ h with two sections S and S 0 of self-intersections 2h − 2 and 0, respectively. On the other hand for g = 2 and h ≥ 4, we obtained a genus 2 surface bundle g m : Y m → Σ h with two sections S and S 0 of self-intersections 2h − 4 and 0, respectively. We will present our arguments for the former, which can be then easily adapted for the latter.
For any r ≥ 2, let S 1 , . . . , S r−1 be sections of f m obtained by pushing the selfintersection zero section S 0 off itself, all disjoint from each other and S. Let us also label S as S r . When r = 1, we only take S 1 . (Although the first r − 1 sections are obviously homotopic, for what follows, what we need is to have disjoint sections, not necessarily distinct ones.) Thus we have S r disjoint sections of (X m , f m ), which prescribes the monodromy map µ fm : π 1 (Σ h ) → Map(Σ), where Σ is a genus g surface with r marked points. If the subgroup µ fm (π 1 (Σ h )) of Map(Σ) were to lift to Diff + (Σ), then we would get a lift of the monodromyμ fm : π 1 (Σ h ) → Diff + (Σ). This however implies that the section S is parallel with respect to some flat connection, which is impossible by Proposition 3. Hence µ fm (π 1 (Σ h )) < Map(Σ) cannot be lifted to Diff + (Σ). Varying m ∈ Z + hands us the infinitely many non-conjugate subgroups, as promised.
